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1.

Theorem 1. (Ratio test)

Let (xn) be a sequence of positive real numbers. Suppose

lim
n→∞

xn+1

xn
= L,

where L is a non-negative real number. Then we have:

(a) If 0 ≤ L < 1, then limn→∞ xn = 0.

(b) If L > 1, then (xn) is divergent.

(c) If L = 1, this method is inconclusive.

2. (Comparison of Order of Growth)

Using Ratio test, show that we have the following inequalities:

n << n2 << 2n << n! << nn

where, e.g. 2n << n! is read as

lim
n→∞

2n

n!
= 0

Intuitively, an << bn means that an is negligible compared to bn eventually as n
grows to infinity.

3. (Average of a Sequence)

Definition 1. Let (an) be any sequence of real numbers. We define its partial sum

Sn :=
n∑

k=1

ak,

and then the average of it by

An :=
Sn

n
.

(a) Show that if limn→∞ an = l ∈ R, then

lim
n→∞

An = l.
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(b) (Optional) We define the Cesàro sum of a sequence (an) by

σn :=
S1 + S2 + · · ·+ Sn

n
,

where Sn is the partial sum of an. (Hence the Cesàro sum is the average of the
partial sums)

Show that as a corollary, σn converges to l ∈ R if

∞∑
k=1

ak := lim
n→∞

n∑
k=1

ak = l.

(c) Show that the converse of (a) is not true by constructing a real sequence an
whose average converges to a finite limit l ∈ R but an itself diverges.

(d) (Optional) Show that the converse of (b) is not true by constructing a real
sequence an whose Cesàro sum converges to a finite limit l ∈ R but its partial
sum Sn diverges.


